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In [ 11, Bruen discusses a method of constructing translation planes of the
orders q2  from maximal families F of circles (called chains of circles) on an
elliptic quadric of PG(3, q),  q odd, having the properties
(4 any two circles of F have two distinct points in common,
(b) no three circles of F have a point in common, and
(4 IFI  =  (4  +  3)/z.
The problem of determining all such chains of circles is unsolved. The
only known examples occur when q = 3,5,7,  11, see [l-3].
In this paper we shall construct a chain of circles in the cases q  =  9,  13.
Given an elliptic quadric K of PG(3, q),  q odd, suppose that F = (C,  ,
c  c1,+3,,*12 ,.-*, is a chain of circles on K. Let Pi be the plane of Ci and let
Xi be the pole of Pi with respect to K. Then the set F* = {X,,
X2 ,-.., Xc4+3j,z}  has the properties
(i) each line XiXj (i #j), is external to K,
(ii) no three points of F* are collinear, and
(iii) no tangent plane of K meets F* in more than two points.
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Conversely, we consider in PG(3, q), q odd, a set F* of (q + 3)/2  points for
which (i-iii) are satisfied, where K is an elliptic quadric of PG(3, q). Then
the polar planes of the points of F* intersect K in (q + 3)/2  circles, which
constitute a chain of circles of K..
THEOREM 1. Let GF(9) = (0, 1, - 1 ,  a ,  Ufl, a - l ,  -0, --a$l,
-a-l~o*+a-1=0}. Let the elliptic quadric K be given by
az* - w* + xy = 0 in PG(3, 9). Then the set F*  of the points
X,(l,a+l,O,l),  X,(-1,-0-1,0,1),  X,(-0+1,-0,0,1),
&(a- l,u,O,  I>, X,(O,O,f-J+  l,l>, X,(0,0,  -a - 1,  I),
verifies properties (i-iii).
Proof: The points X, , X2, X, , X, lie on the conic
D :  z=O
:xy=(a+ l)w2,
X5, X, are two points of the line
1:x=0
: y = o
not lying on the plane of D. Thus, F* verifies (ii). The collineation G(1, E),
defined for every n(#O)  square of GF(9), E*  = 1 by
x’ = Ax, Y’ = (llA)Yv z’  = EZ, w’ = w,
leaves K invariant as well as F*. G(1, -1) fixes Xi (i= 1,2,3,4)  and
permutes X, with X,. The group formed of all the collineations G@, 1) fixes
X,, X, and operates transitively on (X,,  X,, X,, X,). Therefore, it is
sufficient to prove that F* has the properties
(1) any line X,X, (i = 2, 3,4, 5) is external to K, and
(2) no plane X, XiX,(i  = 2, 3, 4, 6) is tangent to K.
As, Xi(a,(a + 1)/a, 0, l), a square of GF(9)
X,Xj:x+Oay-(1 +a)w=O ( i f  51,
: z = o (i# 51,
x,x,:x=/i,
:y= (a+ 1)/L,
:z=(--o-l)~+a+ll?
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X,XiX,:(c7+l)x+uy+(a$l)z-(a+l)(atl)w=0 (i f 61,
x,x,x, : x - uy  = 0,
we have
~X,XinK~=Oo(a-l)a2taato-l no square, (2.1)
pT,X,f-lKI=Oo-a-  1 no square, (2.2)
IX,xixs  nKI  > l eu2 t (-a+ l)u+  1 #O, (2.3)
(X,X,X,nKl>  1  o u t  1 no square. (2.4)
Since conditions (2.1-2.4) are satisfied in GF(9),  it follows that F* has
properties (1) and (2).
T HEOREM 2 . Let GF(13) = (0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 , 12). Let
the elliptic quudric K be given by 2z2  - w2 t xy = 0 in PG(3, 13). Then the
set F*  of the points
x,(2,  lo,& I), x,(5,4,0, I), X,(6,  12,0,  I>, x,(7,  1,0,  1).
X,(&g, 0, 11, X,(1  1,3,0,  I>, X,(0,0,2, I), X,(0,0, - 2 , I>,
verifies properties (i)-(iii).
The proof is the same as that of Theorem 1, and, therefore, we omit it.
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